Abstract. In this paper we characterize BMO in terms of the boundedness of commutators of various bilinear singular integral operators with pointwise multiplication. In particular, we study the commutators of the bilinear fractional integral operator and bilinear Calderón-Zygmund operators of convolution type with certain minor kernel conditions.
Introduction and statements of main results
Recall that the space of functions with bounded mean oscillation, denoted BMO, consists of all locally integrable functions, b, such that
where Q is a cube with sides parallel to the axes, and b Q is the average of b over Q. Recall also that functions in BMO are identified up to a constant.
In the linear setting, we define the commutator of a function, b, with an operator, T , acting on a function f as
[b, T ](f )(x) := b(x)T (f )(x) − T (bf )(x).
In [3] , Coifman, Rochberg, and Weis showed that the linear commutator was bounded for the Hilbert operator if and only if b ∈ BMO. Note that for f ∈ L p and g ∈ L where T * denotes the transpose of T . In this light, we see that the characterization of the boundedness of the commutator with BMO functions means T (f )g − f T * (g), which is clearly in L 1 , is in fact in the Hardy space H 1 , the pre-dual of BMO. This allowed Coifman et al. to achieve a factorization of H 1 in a higher dimensional setting than had been done previously. Janson and Uchiyama each extended this characterization of BMO, in [5] and [9] respectively, to commutators of Calderón-Zygmund operators of convolution type with smooth homogeneous kernels, and Chanillo did the same for commutators of the fractional integral operator in [1] .
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The boundedness of commutators in the multilinear setting has been extensively studied already, as in Chen and Xue's [2] , Pérez and Torres' [7] , Lerner, Ombrosi, Pérez, Torres, and Trujillo-González's [6] , and Tang's [8] . However, it has been an open question until now whether they can be used to characterize BMO. In this paper we will indeed show that the characterizations of BMO can be extended to a multilinear setting. For readability we will state and prove our results only for the bilinear cases.
The bilinear commutators we will be examining will be of the following forms
, where b is a locally integral function and T is a bilinear singular integral operator. We define the bilinear fractional integral as follows,
and we state our first result for T = I α ,
To state our second result we must first define an m-linear Calderón-Zygmund operator, and in order to do this, we define the class of Calderón-Zygmund kernels. Let K(x, y 1 , ..., y m ) be a locally integrable function defined away from the diagonal x = y 1 = ... = y m . If for some parameters A and ε, both positive, we have 
pj , we say T is an m-linear Calderón-Zygmund operator. Many basic properties of these operators were thoroughly studied in by L. Grafakos andd R. H. Torres in [4] . Lastly, we say that an operator is of 'convolution type' if the kernel K(x, y, z) is actually of the form K(x − y, x − z). Our second theorem can now be stated as follows,
, and T a bilinear Calderón-Zygmund operator of convolution type with a homogeneous kernel of degree −2n, K, such that on some ball, B, in R 2n we have that the Fourier series of 1 K is absolutely convergent. We then have that for 1 >
, and for j = 1 or 2,
.
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Proofs of the theorems
The sufficiency of b ∈ BM O in the above theorems has been shown already in the bilinear setting. For Theorem 1.1, the sufficiency was shown in a weighted setting by X. Chen and Q. Xue in [2] in their Theorem 2.7 for a class of weights which includes the unweighted case. We state without proof a particular case of this which suits our needs, Proposition 2.1. Let 0 < α < 2n, and 1 ≤ p 1 , p 2 , and q be such that
for j = 1 or 2.
With this result in hand, we present the following theorem to demonstrate the necessity, which completes the desired characterization.
To prove this, we adapt the techniques utilized by Chanillo in [1] to the multilinear setting, and we note that by the symmetry of the kernel of I α , it is enough to prove this theorem for [b,
Proof of Theorem 2.2. Let Q be a cube in R n , and let ℓ(Q) denote the side length of Q. We may assume that b is real valued and let γ(x) = χ Q (x)sgn(b(x) − b Q ). We then have the following,
We now divide through by |Q| 3 , integrate both sides over R n , and continue with
The result of Proposition 2.1 along with this theorem completely characterizes BM O in terms of the boundedness of bilinear fractional integral commutators, and constitutes the proof of Theorem 1.1. To prove Theorem 1.2, we note that the sufficiency of b ∈ BM O for the boundedness commutators with m-linear Calderón-Zygmund operators was shown by C. Pérez and R. H. Torres in [7] in their Proposition 3.1 which we again state in a simpler bilinear format without proof. loc (R n ), and T be a bilinear Calderón-Zygmund operator of convolution type such that K(λy, λz) = λ −2n k(y, z). Suppose also that for some ball B in R 2n , the Fourier series of
Proposition 2.3. If T is a bilinear Calderón-Zygmund operator and b
The condition on the Fourier coefficients will, for example, be satisfied if K is smooth. The proof of this theorem uses techniques applied by Janson in [5] , modified to suit the multilinear setting, and as with the fractional integral commutator, we need only prove this for The specific vectors, ν j , will not play a role in this proof. Note that due to the homogenaity of K, we can take (y 0 , z 0 ) such that |(y 0 , z 0 )| ≥ 2 √ n and take δ < 1 small such that B ∩ {0} = ∅. We do not care about the specific vectors ν j ∈ R 2n , but we will at times express them as ν j = (ν
−1 y 0 and z 1 = δ −1 z 0 , and note that for all (y, z) such that
Let Q = Q(x 0 , r) be an arbitrary cube in R n . Setỹ = x 0 + ry 1 ,z = x 0 + rz 1 , and take Q ′ = Q(ỹ, r) and Q ′′ = Q(z, r). Then for any x ∈ q and y ∈ Q ′ , we have
The same estimate holds for x ∈ Q and z ∈ Q ′′ , and so we have
, and let
Note by the size condition on (y 0 , z 0 ) we have that Q ∩ Q ′ ∩ Q ′′ = ∅ since at least one of Q ′ and Q ′′ must be disjoint from Q. We also have that each of the above functions has an L q norm of |Q| 1/q for any q ≥ 1, and that for all x, y, and z in the supports of their respective characteristic functions, (x − y, x − z) avoids the singularity of K. In particular, this means that when the time comes, the use of the kernel representation of [b, T ](f j , g j ) is valid for all x ∈ Q. We now have the following,
|f (x) − C| for any C, and so this gives us that for any arbitrary Q ⊂ R n we have
Therefore b ∈ BMO(R n )
Closing remarks
Note that in the proof of Theorem 2.4, the regularity of Calderón-Zygmund operators was never used, and indeed, this theorem holds for any bilinear operator which can be realized as an integral operator away from the support of the functions on which it is operating, which satisfies the aforementioned kernel conditions. Furthermore, if K is real valued, we can replace the absolute convergence of the Fourier series with a simple bound away from zero, in particular, we get the following result with an almost identical proof
, and T a bilinear Calderón-Zygmund operator of convolution type with a real-valued, homogeneous kernel of degree −2n, K, such that on some ball, B, in R 2n we have either
Note that this bound away from zero is trivially satisfied if there exists a point at which K is nonzero and continuous.
With regards to our main results, it should be noted that the proof of Theorem 2.2 easily generalizes to commutators with the m-linear fractional integral, and the original statement of Proposition 2.1 in [2] is for m-linear commutators, so it can be shown that Theorem 1.1 holds for the commutator with the m-linear fractional integral as well. Similarly, the proof of Theorem 2.4 can easily generalize to the mlinear setting to match the m-linear setting in [7] , and so m-linear results mirroring Theorems 1.2 and 3.1 are quickly forthcoming as well.
While these results give a characterization of BMO in terms of the boundedness of certain bilinear commutators, present in all is the requirement that the exponent in our target space must be larger than 1. We do not know if it is possible to characterize BMO in this manner when the commutators are bounded from pj , provided that b ∈ BMO. In [8] , Tang obtained this result for commutators of vector valued multilinear Calderón-Zygmund operators, again without the restriction that p be greater than 1.
